We extend results due to Z.Bl azsik et al. on graphs with no induced C 4 and 2K 2 to the self-complementary class of (P 5 ; P 5 )-free graphs. Moreover, we obtain an O(! 2 ) -binding function for this last class of graphs, answering thus partially a question of A. Gy arf as.
Introduction
Let F be a family of graphs, we shall say that a graph G is F-free if no induced subgraph of G is isomorphic to a graph of F. In a recent paper of Z. Bl azsik, M.
Hujter, A. Pluh ar and Z. Tuza 1] , the following theorem is proved: Theorem 1.1. A graph G = (V; E) is (C 4 ; 2K 2 )-free if and only if there exists a partition V 1 V 2 V 3 with the following properties: i) V 1 is an independent set in G.
ii) V 2 is the vertex set of a complete subgraph in G.
iii) V 3 = ; or j V 3 j= 5 and in the later case V 3 induces a 5-cycle in G. iv) If V 3 6 = ; then, for all v i 2 V i ; i = 1; 2; 3 v 1 v 3 6 2 E(G) and v 2 v 3 2 E(G) hold.
Since a (C 4 ; 2K 2 )-free graph is a (P 5 ; P 5 )-free graph, it is natural to ask whether the above result can be extended to this wider class. By excluding P 5 and its complement P 5 (House graph in the literature), we hope to get some structural properties for this class of graphs. (graphs such that any cycle of length greater than 5 has at least two chords). The strong perfect graph conjecture is thus obviously true for (P 5 ; P 5 )-free graphs. Our goal here will be to generalize the above theorem 1.1 for (P 5 ; P 5 )-free graphs and various results of 1]. As a by-product we get an O(! 2 A generalization of P 5 -free graphs
We shall say that an independent set S (j S j 2) of G is WP k (k 3) if there is no induced path on l k vertices having its two ends in S. The class G k of graphs containing a WP k independent set contains the class of P k -free graphs. In fact we have:
Theorem 2.1. A connected graph is P k -free if and only if every independent set of size at least 2 is WP k .
Proof . If G is P k -free then every independent set is obviously WP k . Conversely, assume that G contains an induced path on l k vertices, then any independent set of G containing the two ends of this path is not WP k , a contradiction. 3 Structural properties of (P 5 ; P 5 )-free graphs
We need for this section some speci c de nitions. A vertex is simplicial whenever its neighbourhood is complete. A subset S of V (G) which satis es 2 j S j j V (G) j ?1 , is homogeneous in G whenever every vertex of V (G)?S is adjacent to either all vertices in S or to none of them (in other words, for every vertex x in S and every vertex y in S, N(x) n S = N(y) n S ). We shall say an induced subgraph of a (P 5 ; P 5 )-free graph G is a buoy whenever we can nd a partition of its vertex set into 5 subsets A i ; i = 1; ::; 5 (subscript i is to be taken modulo 5), such that A i and A i+1 are joined by every possible edge, while no edges are allowed between A i and A j when j j ? i j 6 = 1; 4, and such that the A i 's are maximal for these properties. A buoy is complete whenever each A i ; 1 i 5; is complete. A graph is triangulated if every cycle of length at least 4 contains a chord. As usual a clique of a graph G will be a maximal complete subgraph.
3.1 On (P 5 ; P 5 )-free graph containing a C 5
The rst theorem in this section will be an analogeous to theorem 1.1. for (P 5 ; P 5 )-free graphs (see 4] for a weaker form of this theorem).
Theorem 3.1.1. Let G be a connected (P 5 ; P 5 )-free graph having at least 5 vertices. If G contains an induced C 5 then every C 5 is contained in a buoy, and this buoy is either equal to G or is an homogeneous set of G.
Proof . Let C = a 1 a 2 a 3 a 4 a 5 be a chordless cycle of length 5. Let D i be the set of vertices of G at distance i from C. is not empty.
Hence, given an induced cycle of length 5, C, of a (P 5 ; P 5 )-free graph G we can associate a buoy to it, denoted by B(C). This buoy is the set of vertices at distance 1 from C which are not adjacent to every vertex of C. B will denote a buoy of G, Proof and A j+1 , j j ? i j 6 = 1; 4 is an induced 2K 2 , a contradiction. V 1 is an independent set, otherwise an edge in V 1 together with an edge in C 5 induce a 2K 2 , a contradiction.
Some corollaries
One of the remarkable features of triangulated graphs is that we can nd a perfect elimination scheme on its vertex set (an ordering on its vertices v 1 ; v 2 ::::; v n such that v i is simplicial in the subgraph induced by fv i ; ::::; v n g. As an immediate corollary we can see that such a graph contains at most n maximal complete subgraphs ( 5] It is worth noticing that corollary 3.2.1 (3.2.2) is no longer valid for (2K 2 ; P 5 )-free graphs ((C 4 ; P 5 )-free graphs respectively). Indeed, consider a buoy such that each A i is an independent set. This graph is clearly a (2K 2 ; P 5 )-free graph. Since it has no triangle, each edge is a maximal complete subgraph, this number is greater than n as soon as G is not isomorphic to a C 5 .
4 A -binding function of (P 5 ; P 5 )-free graphs. for all induced subgraph H of G 2 G. We shall always assume that f is an integer function such that f(1) = 1 and f(x) x for all x. A family G of graphs is said to be -bound if there exists a -binding function for G. Let P n denote a path on n vertices (n 2), A. Gy arf as in 6] showed that f n (x) = (n ? 1) x?1 is a -binding function for the class of P n -free graphs. The class of (P 5 ; P 5 )-free graphs is thus clearly -bound and A. Gy arf as asked for the order of magnitude of the smallest -binding function for this class. It turns out that we shall obtain a partial answer to this problem in using theorem 3.1.1.
Transversal of the C5's, perfection and -binding function.
By luck, transversals of the C5's of (P 5 ; P 5 )-free graphs have some nice properties that enable us to colour them reasonably. We will use the following fact: Proof . Let G be a (P 5 ; P 5 )-free graph. Let T be a minimal transversal of the C 0 5 s of G. In other words, T is a subset of vertices of G, such that every C 5 contains a vertex which belongs to T. Moreover, as T is chosen minimal, no proper subset of T is a transversal of the C 5 's. For every vertex x of T there exists a C 5 denoted by C x such that T \ C x = fxg. We call C x the private C 5 of x. T being minimal, every vertex of T has a private C 5 , otherwise we could remove such a vertex from T and still have a transversal. We shall prove that !(T) !(G) ? 1. Let Q be a maximum clique of T. Suppose that j Q j= !(G). We are going to show that this assumption leads to a contradiction. Consider a vertex x of Q such that the buoy corresponding to C x is minimal (among the buoys generated by private C 5 In any buoys, pick any independent set of the associated partition and let T be the union of these sets. T is a transversal of the C 5 of G. GnT is perfect and can be coloured with !(G) colours. T is a complete multipartite graph. A maximum clique of T has size at most !(G) 2 (since the subgraph of G induced by a set of edges obtained in choosing exactly one edge in any buoy of G is complete). This leads to the announced -binding function.
Similarly we have an analogous result for (C 4 ; P 5 )-free graphs. Our purpose now is to show that ther are no linear -binding function for the whole class of (P 5 ; P 5 )-free graphs. ) colours a (P 5 ; P 5 )-free graphs.
To colour a (P 5 ; P 5 )-free graph G , we will proceed by recursion on the number of vertices. First we nd a minimal transversal of the C 5 's of G, T. Then we colour recursively T, and G n T. Here is a procedure to nd a minimal transversal. 
